e The Gamma Function I' (x)
For positive values of x, the Gamma function is defined in terms of the improper integral,
[o0)
I'(z) :/ t"le~tdt x > 0.
0

To ensure that the Gamma function is well defined, we must check to see that the improper integral

converges for > 0. Now,
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/ et = / > le L +/ letdt =1+ Iy
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Iy is improper if z < 1, but for 0 <t < 1,0 < e ' <1 =0 <t* et <#* ! Therefore,
2|1

t
L= hmf t*tetdt < hmf t" Lt = hH(l) —| = hm 1(1—¢")=21if 2> 0. Thus I; converges.
e—0 T e—0
For Iy, if welet f (1) =t"Me t= f/(t) = [z +1)t" — "]
t r |x+1|x+2

=tPe lz+1—t=0ift=a+1. fr@&) |+ |0 —
fO /11— |\

By the first derivative test, we see that f is maximized at ¢t = x + 1. So,

= [[Ctm e tdt = [[Cf(t) &dt < f(z+1) [{7 &dt = f(x+1). This shows that I, also converges.
We have now shown that the Gamma function F( ) is well defined for z > 0 by

I'(x) :/ t" e tdt x > 0.
0

Properties of the Gamma function.
['(x) > 0 for z > 0.
ry=1,r2)=1,Ir3)=2,'(n)=(Mn-1)!forne N.
I'(z) = (36—1) (x —1) for x > 1.

4T (3) =

Proofs: 1. Integrand is positive. 2.,3. Integrate by parts. 4. Let ¢ = u? or see later.

Example 1 [zt %dz = L[~ (%)4e’“du ==0'(5) = ?ii! =&

T

u = 3x

oo V2ul 2eudu = V20 (3/2) = 2T (1/2) = /T
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Example 2 [°2%¢ T dx
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Example 3 [ zhe 2 dx 3 Jo° u?/Beidy = 30 (2) (Mathcad has this function built in - just like

3

1
u =
exp or sine or tangent.)

e The Beta Function B (m,n).
Although the integral fol ™ (1 - x)nil dx is improper at = 0 if m < 1 and improper at x = 1 if
n < 1, by considering the integral in the form

fol a1 —z)" de = foa—l—f;—l—fbl 2™ 1 (1—2)" ' dr where 0 < a < b < 1, the improper integrals

will converge if m,n > 0. Therefore, we define the Beta function B (m,n) by

1
B(m,n) = / 2™ (1 —2)" T de m,n > 0.
0

By making the change of variable y = 1 — x, we can see that B (m,n) = B (n,m). An alternative form
for the Beta function is obtained via the substitution z = sin? § =

/2
B(m,n) = 2/ sin®m= 1 0 cos® =1 9dh m, n > 0.
0

Relationship between the Beta and Gamma Functions.
The very important result that relates the Beta and Gamma Functions is:

I'(m) T (n)

B (m.n) = ['(m+n)

for any m,n > 0

Proof:
Consider the double integral I = // f(x,y)dA where f(x,y) = x?™ 1y?n~1le™ (@*+°) and A is the
A

first quadrant A = {(x,y) : x > 0,y > 0}. Then, I = <f0°° me’le"”de) < o yQ"’le’dey> )
Let x = /1, then [j° p2m—le=2® gy = 3 ot tm e tdt = 2T (m). Similarly, [J° y2nlevdy = 3L (n).
Thus,

1
I:ZF(m)F(n).

Alternatively, if we switch to polar coordinates, we find

I= f(;r/Q fooo (r cos 0)2m71 (rsin 0)2"71 e " rdrdd

= <f07r/2 sin®m=1) g cos(2n—1) 0d0> <f0°° p2mt2n—1g—r? dr) = (3B (m,n)) (3T (m +n)), ie.

1
I:ZB(m,n)F(m—l—n).

Equating these results gives the result:



Example 4 If we put m =n = 1/2 in trig. form of Beta function, we get
B(1/2,1/2) =2 [[?sin( D 0cos®0df = 2 [T dg = w = {T(1/2)}? =T (1) B(1/2,1/2) = =
= (1/2) =7

The trigonometric form of the Beta function, and the relationship with the Gamma functions allows

us to evaluate integrals of the form f07r /2 §inP 6 cos? 0dO without integrating. For example,

T r)rs/2 1.0(5/2
Example 5 f /2 6in3 0 cost 0dO = 1B (2 ) = % (F)(9§2§ ) — %(7/2)(5/(2)/&5/2) 2

Using the symmetry in the functions sin and cos over the four quadrants, we can actually use the above
result for integrals over an interval which is a multiple of [0,7/2]. As an example, look at how sin®
cos* x look like over [0, 27] .
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sin® cost x
Because of trigonometric properties (sin (7 — ) = sin z, cos (7 — ) = —cosx, etc.) the function sin® z cos* x
. . T/2 . 3 4 I - 4 -
possesses symmetries (as can be seen graphically) so that fo sin® x cos® xdx = f /9 810 T cOS xdr =
3n/2 3
fﬁ sin® z cos* zdx = — f37r /2 sin® x cos* xdx. The sign of the integrand in each quadrant is simply the

product of the signs of sin® z and cos*

x over the same quadrants. Once these signs have been determined,
we can express a definite integral over several quadrants as a multiple of the integral over the first quadrant.

For example,

Example 6 [ sin®z cos*zdz = (141) J; /2 sin3 x cost zdx = 2(£) ==
Example 7 fO?m/Q sin®z cos* xdr = (141 — fo sin® zcos* wdr =1 (&) = &

Example 8 fo sin®xcostrdr = (1 +1—1—1) fo sin® x cos xdx = 0

The procedure outlined here applies to all integrals of the form

jw/2
/ sin™ z cos™ xdx
/2

where ¢, j,m,n are integers and m,n > 0. Since all we need is the sign of the integrand, we do not
need to sketch sin™ x cos™ z; a simple table of signs will be sufficient - as seen in this example.



Example 9 fo?m/Q sin® z cos® xdx = Kf(;r/Q sin® z cos® zdx. To obtain K, we see that

T 0,7/2) | (w/2,7) | (7,37/2)

2

sm5ﬂc + + + = K= (1-1-1)=—1. Therefore,
cos® x + - -

sin?zcos®x | + - -

31/2 . o B /2 . o _ 1p/3 o r(3re) g
foﬁ sin? z cos® vdx = —f07r sin? x cos® vdx = —3B (573) = _5% — T1o5°

It must be stated that the procedure outlined does not apply to integrals like fo sin® z cos® zdx - a
non integer multiple of /2. In this case, the usual integration techniques must be used.
EXERCISES

1. Evaluate the following:
(a) T'(6) : [120
(b) I'(3/2) : |37

(c) roY/2) . |35

T(/2) | 4

(d) B(3,2) | &

(e) B(4,1/2) + |52

2. Use symmetry and the Beta function to evaluate:

fo sin® z cos? xdx : | =

) Jo sin®z cos® zdx | 15

.| 16
c fo sin® xdx : =

()

(d) [ sin” 2 cos® zdz {0]

(e) fo cos® xdx {0]

(f)
)

21
f fo sin® x cos? xdx @

N

(g) J;" sin*zcos? xdx { g




